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GALOIS COHOMOLOGY OF REAL SEMISIMPLE GROUPS 


MIKHAIL BOROVOI AND DMITRY A. TIMASHEV 


Abstract. Let G be a connected, compact, semisimple algebraic group 
over the field of real numbers R. Using Kac diagrams, we describe 
combinatorially the first Galois cohomology sets Lf * 1 (R, H) for all inner 
forms H of G. As examples, we compute explicitly H 1 for all real forms 
of the simply connected simple group of type E 7 (which has been known 
since 2013) and for all real forms of half-spin groups of type T> 2 k (which 
seems to be new). 


0. Introduction 

Let H be a linear algebraic group defined over the field of real numbers R. 
For the definition of the first (nonabelian) Galois cohomology set R 1 (M,H) 
see Section [5] below. Galois cohomology can be used to answer many natural 
questions (on classification of real forms, on the connected components of 
the set of M-points of a homogeneous space etc.). The Galois cohomology 
sets iL 1 (M, H) of the classical groups are well known. Recently the sets 
H l { R,H) were computed for “most” of the simple R-groups by Adams 0, 
in particular, for all simply connected simple M-groups by Adams and by 
Borovoi and Evenor m- 

Victor G. Kac m used what was later called Kac diagrams (see Onishchik 
and Vinberg [OV2 , Sections 3.3.7 and 3.3.11]) to classify the conjugacy 
classes of automorphisms of finite order of a simple Lie algebra over the held 
of complex numbers C. Let G be a compact (anisotropic), simply connected, 
simple algebraic group over R. Write Gc = G Xr C, gc = Lie (Gc). With 
this notation, Kac classified the conjugacy classes of elements of order n 
in Autgc = AutGc- In particular, he classified the conjugacy classes of 
elements of order n in the group of inner automorphisms G ad (C) C Aut Gc, 
where G ad := G/Zg is the corresponding adjoint group. Equivalently, he 
classified the conjugacy classes of elements of order n in G ad (R). 

Note that the set of conjugacy classes of elements of order re = 2 in G ad (R) 
is in canonical bijection with the first Galois cohomology set i7 1 (R, G ad ), 
see Serre [Sj Section III.4.5, Theorem 6]. Thus Kac computed H 1 (R, G ad ), 
the Galois cohomology of the compact, simple, adjoint R-group G ad . 

In the present paper we use the method of Kac diagrams in order to 
compute i7 1 (R,G), or more generally i7 1 (M, q G), where G is a connected, 
compact, semisimple R-group, not necessarily adjoint, and q G is the inner 
twisted form of G corresponding to a Kac diagram q. This is reduced 
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to classifying conjugacy classes of square roots of a given central element 
z = z q € G(R). 

The plan of the paper is as follows. In Section [T] we introduce the necessary 
notation. In Section [2] we describe, following Bourbaki [Bouj . the action of 
P v /Q v on the extended Dynkin diagram of a root system R, where P v is 
the coroot lattice and Q v is the coweight lattice. The heart of the paper is 
Section [3l where we prove Theorem 13.41 describing the conjugacy classes of 
n-th roots of a given central element z in a connected semisimple compact 
Lie group G in terms of certain combinatorial objects called Kac n-labelings 
of the extended Dynkin diagram D of G. Using this theorem (in the case 
n = 2 ) and a result of [Bi j, in Section [I] we prove Theorem 14.31 which is 
the main result of this paper. It describes the first Galois cohomology set 
iL 1 (M, q G) of an inner twisted form q G of a connected compact (anisotropic) 
semisimple R-group G in terms of Kac 2-labelings. As an example, in Section 
[5] we compute, using Kac 2-labelings, the Galois cohomology sets iL 1 (M, q G ) 
for all R-forms 9 G of the compact simply connected group G of type E 7 ; 
these results were obtained earlier by other methods in [A] and [BE], see 
also Conrad El Proof of Lemma 4.9]. As another example, in Section [6] we 
compute the Galois cohomology sets iL 1 (M, q G ) for all R-forms of a half¬ 
spin compact group of type for even i > 4; these results seem to be 
new. 

The authors are grateful to E. B. Vinberg, whose for e-mail correspon¬ 
dence with the first-named author in 2008 inspired this paper. 

1. Notation 

In this paper G always is a connected, compact (anisotropic), semisimple 
algebraic group over the held of real numbers R. We write Zg for the center 
of G. Let G ad = G/Zq denote the corresponding adjoint group, and let 
G sc denote the universal covering of G (which is simply connected). Let 
T C G be a maximal torus. We denote by t the Lie algebra of T, which is 
a vector space over R. Let N = A/"g(T) denote the normalizer of T in G. 
Let W = N/T be the Weyl group, which is a finite algebraic group. 

Let T ad := T/Zg be the image of T in G ad , and let T sc denote the 
preimage of T in G sc . Then T ad is a maximal torus in G ad , and T sc is a 
maximal torus in G sc . Set 

X = X(T C ) := Hom(T c , G m , c ), X v = X V (T C ) := Hom(G m , C) T c ), 

where Tc = T x«C and G mi c is the multiplicative group over C; then X and 
X v are the character group and the cocharacter group of Tc, respectively. 

We have a canonical isomorphism of abelian complex Lie groups 

I v ®C x 4T(C), x G x v , U € C x = G m> c(C). 

z 

Thus we obtain an isomorphism of abelian complex Lie algebras (vector 
spaces over C) 

X v (g> C -A LieTc, X® v ^dxi v )i X £ -T v , v € C, 

Z 


dx '■= dix : C = Lie G mj c -»■ Lie T c . 
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We obtain the standard embedding 

A v A' v © C — > Lie Tc , X >->• X 0 1 *-a dxiX)- 

z 

As usual, we set 

P = X(Tjf), Q = X(T£ d ); 

these are the weight lattice and the root lattice. We set also 
P V = X V ( T£ d ), Q v = X v (T(f); 

these are the coweight lattice and the coroot lattice. Then 
Q C A C P and Q v Cl v C P v . 

Let G and T be as above. We write G = G(R) for the set of R-points 
of G, and similarly we write G ad = G ad (R), G sc = G SC (R). We write 
T = T(R), and similarly we write T ad = T ad (R), T sc = T SC (R). We write 
N = N(R) and W = W(R). We write Zq = Zg(R) for the center of G. 

We define an action of the group A v x W on the set t as follows: an 
element x £ A v C tc acts by translation by G t (where i 2 = —1), and 
w E W C Aut T acts on t = LieT as usual, i.e., as d\w. LieT —> LieT. It 
follows that the groups Q v x W and P v x W act on t. 

Let R = R( Gc, Tc) denote the root system of Gc with respect to Tc- Let 
II C R be a basis (a system of simple roots). Let D = D(G, T, II) = D(R, II) 
denote the Dynkin diagram; the set of the vertices of D is II. 

Assume that G is (almost) simple. We write II = {au,..., a^}. Let 
D = D(G,T,II) = D(R, II) denote the extended Dynkin diagram; the set 
of vertices of D is II = {a\,... ,ag,ao}, where a\,... ,ap are the simple 
roots, and «o is the lowest root. These roots a\,..., ag, ao are linearly 
dependent, namely, 

( 1 ) Ul ai QL\ + • • • + UlagCyg + m ao Ot 0 = 0 , 

where the coefficients m aj are positive integers for all j = 1, 0 and 

where m ao = 1. We write rrij for m a .. These coefficients nrij are tabulated 
in [OVTl Table 6] and in [OW Table" 3]. 

Now assume that G is semisimple, not necessarily simple. Then we have 
a decomposition G = G^ • G^ 2 ^ • • • G( r ) into an almost direct product of 
simple groups. Then T = T (1) • T (2) • • • (an almost direct product of 
tori), where each is a maximal torus in G ^ ( k = 1,... ,r). We write 
t = LieT, = LieT( fc ), then 

t = t (1) © ••• ®t (r) . 

The root system R decomposes into a “direct sum” of irreducible root sys¬ 
tems 

R = P (1) U • • • U P (r) 

(disjoint union), where R^ = i?(G^,T^), and we have 

n = n (1) u ••• un w , 

where each subset L[l fc ) (k = 1,... ,r) is a basis of R^ k \ We have 

D = pW U ... U £>(”), 
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where each connected component D^ (k = 1,..., r) is the Dynkin diagram 
of the irreducible root system R^ with respect to L[( fc ). Let G R^ 
denote the lowest root of R^ k \ Let D^ denote the extended Dynkin 
diagram of R^ with respect to L[( fc ), then the set of vertices of D^ is 
n( fe ) := n( fc ) U {a^}. We define the extended Dynkin diagram of R with 
respect to LI to be 

D = 5( 1 )u---u5 (r) ; 

then the set of vertices of D is 

n = n (1) u • • ■ u n (r) = n u n 0 , 

where Llo = {ckq ,..., a[,}. For each k = 1,..., r, let be the 

coefficients of linear dependence 

^2 = ° 

/3en( fe ) 

normalized so that m ( k) = 1. Then mp G > 0 for any f3 G II. 


2. Action of P v /Q v on the extended Dynkin diagram 


First let G be a simple compact M-group. Recall that t denotes the Lie 
algebra of T. Following | |OV2l Section 3.3.6], we introduce the barycentric 
coordinates x ai ,..., x ae , x ao of a point x G t by setting 

daj(x) = ix aj for j = 1 ,... dao(x) = i(x ao — 1), 
where i 2 = —1. We write Xj for x aj . By 0 we have 


hence 


( 2 ) 


0 = 



(x) = i 



+ X] '"rO 

i =o / 


i 

5X m 3 X 3 


3=0 


= 1 . 


By Bon . Section VI.2.1] and ]Bou. Section VI.2.2, Proposition 5(i)], see also 
()\ 2 . Section 3.3.6, Proposition 3.10(2)], the closed simplex Act given by 
the inequalities 

xi > 0 , ..., x n > 0 , xo > 0 

is a fundamental domain for the affine Weyl group Q v x W, where W is the 
usual Weyl group. This means that every orbit of Q v x W intersects A in 
one and only one point. 

Now let G be a semisimple (not necessarily simple) compact M-group. 
We introduce the barycentric coordinates ( xp ) /3g fj of x defined by 


d/3(x) = ixp for /3 G II, d/3(x ) = i(xp — 1) for /3 G IIq = II \ II, 


they satisfy 

mpxp = 1 for each k = 1 ,..., r, 

/3en(*o 
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see ©• Write t = ©Li tfc. For each k = 1,..., r, let denote the closed 
simplex in t ^ given by the inequalities 

x /3 > 0 for (3 6 U <k >. 

Then the product A = ni=i A( fc ) is the closed subset in t given by the 
inequalities 

X /3 > 0 for /3 £ II, 

and A is a fundamental domain for the affine Weyl group Q v x W in t, acting 
as in Section [TJ Again, this means that every orbit of Q y x W intersects A 
in one and only one point. 

The group (A v x W)/(Q y x W) = X v /Q v ~ tt\{G) acts on A. We wish 
to describe this action. Since A v /Q v C P v /Q y , it suffices to describe the 
action of P w /Q v , and it suffices to consider the case when R is irreducible. 

From now on till the end of this section we assume that R is an irre¬ 
ducible root system. The action of P V /(3 V on A is given by permutations of 
coordinates corresponding to a subgroup of the automorphism group of the 
extended Dynkin diagram acting simply transitively on the set of vertices otj 
with rrij = 1. This action is described in [Bou , Section VI.2.3, Proposition 
6 ], 

Namely, let ..., w/ denote the set of fundamental coweights, i.e., the 
basis of P v dual to the basis ai,...,atg of Q. Then the nonzero cosets 
of P v /Q v are represented by the fundamental coweights wj such that iuj J 
belongs to A, i.e., by those coj with rrij = 1. Let u>o, resp. Wj, denote the 
longest element in W, resp. in the Weyl group Wj of the root subsystem .Re¬ 
generated by II \ {o(j}. Then the transformation 

(3) X eA WjW qx + iuj 

preserves A whenever m,j = 1 and gives the action of the respective coset 
[wV] € P v /Q v on A. 

Observe that the affine transformation ([3]) is an isometry of the Euclidean 
structure on t given by the restriction of the Killing form. Hence the action 
of [wj] preserves the Euclidean polytope structure of the simplex A. In 
particular, it permutes the vertices of A, which are equal to Vi = /m* 

(* = and vo = 0, and the facets A* of A, which correspond to 

the roots a* € n (i = 1 ,... 0 ), preserving the angles between the facets. 

Hence the action of [wj] induces a permutation a = aj of the set {1, 0} 

such that the facet Aj maps to A CT (j), and the opposite vertex Vi is mapped 
to u CT (j). In particular, aj takes 0 to j. 

Since the relative lengths of the roots in n and the angles between them 
and between the respective facets of A are read off from the extended Dynkin 
diagram D, the permutation a comes from an automorphism of D. Further¬ 
more, the action of [uj] permutes the barycentric coordinates Xi of a point 
x € A, because they are determined by the vertices Vi € A. Namely, any 
i £ A is mapped to a;' £ A with coordinates x[ = x a -\u\. One obtains 

an action of P v /Q v on D , which we describe below explicitly case by case, 
using [Boui Planches I-IX, assertion (XII)]. 
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If G is of one of the types Eg, F 4 , G 2 , then P v /Q w = 0. If G is of one 
of the types Ai, (l > 3), (l > 2), E 7 , then P v /Q v ~ Z/2Z, and the 
nontrivial element P v /Q v acts on D by the only nontrivial automorphism 
of D: 


0 " • 1 
0^0 



0 . d i-i '■ ■ ■ . 1 


1 . '2 3 4 5 6 -. 0 

0—0—0—0—0—0—0 

I 

o 
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It remains to consider the cases {£ > 2), and Eg. In order to 
describe the action of the group P y /Q v on D , it suffices to describe its 
action on the set of vertices atj of D with rrij = 1. These are the images of 
cio under the automorphism group of D. 


Let D be of type A^, £ > 2. The generator [w^] of P v /Q v acts on D as 
the cyclic permutation 0 1 —>• 1 1 —>- ... 1 —>- ^ — 1 1 —>- € 1 —>- 0 : 

0 



12 l-\ l 


Let D be of type D^, £ > 4 is even. We have P v /Q v ~ Z/2Z © Z/2Z, 
and the classes [<u^] and are generators of P v /Q v . These generators 

act on D as follows: [cuf 7 ] acts as O-H-l, £ — 1 and [w/_ 1 ] acts as 

Oo£-1, 1 R<: 


0 

o 


o 

1 


2 

o- 




£-2^ 

- O 


£—1 

O 


O 

£ 


0 

O' 


O 

1 


_ 2 
, 0 - 


\UJt 


-1J 


£-2^ 

- O 


e-i 

o 


. o 

£ 


Let D be of type D^, £ > 5 is odd. We have P w /Q w ~ Z/4Z, and the 
class [cuY j] is a generator of P v /Q v . This generator acts on D as the 4-cycle 



Let D be of type Eg. The generator [w^] £ P v /Q v acts as the 3-cycle 
0 e-» 1 5 0: 








REAL GALOIS COHOMOLOGY 


7 


4X5 
O — O 


3. n-TH ROOTS OF A CENTRAL ELEMENT 

Let G a compact semisimple M-group, not necessarily simple. Let T, G , 
T, X , D, D, ets. be as in Section [0 

Let z £ Zq and let n be a positive integer. We consider the set of n-th 
roots of z in G 

G z n := {g £ G \ g n = z}. 

In particular, G n := G* is the set of n-th roots of 1 in G , i.e., the set of 
elements of order dividing n in G. 

The group G acts on G* on the left by conjugation g * a = gag~ l ( g £ 
G, a £ G^). We wish to compute the set G^/~ of n-th roots of 2 modulo 
conjugation. 

Consider the set T z C G z (note that z £ Z C T). The group W acts on 
T z on the left by 

(4) w *t = ntn -1 , 

where w = nT £ W, n £ N, t £ T. It is easy to see that the embedding 
T z G^ induces a bijection T z /W -A G z n l~. Thus we wish to compute 
T*/W. 

We describe the set T z /W in terms of Kac n-labelings of D. 

Definition 3.1. A Kac n-labeling of an extended Dynkin diagram D = 
D (y> U • • • U DW, where each D^ is connected for k = 1 ,,r, is a family 
of nonnegative integer numerical labels p = {pp)p e fi £ ^>o th e vertices 
f3 £ II of D satisfying 

(5) E mppp = n for each k = 1 ,..., r. 

/JgfjM 

Note that a Kac n-labeling p of D = IT 1 * U • • • LI D^ is the same as a 
family (p^\ ■ ■ ■p ^), where each p^ is a Kac n-labeling of D^ k \ 

Let z £ Zq C T. We write 

(6) 2 = exp 27ri£, where £ (E tc- 
For A £ X consider d\((f) £ C. We have 

(7) exp 27ri dA(C) = exp dA(27ri(j) = A(exp27r*C) = A(.z). 

Since 2 is an element of finite order in T, we see that A(z) is a root of unity, 
hence by fl7]) dX(Q £ Q, and it follows from (J7|) that the image of dX(C) in 
Q/Z depends only on z, and not on the choice of £. Note that if A £ Q C X, 
then A (z) = 1, hence dX(() £ Z. 


l 

o- 

K 


2 

-o- 


3 

-o — 

I 
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Notation 3.2. We denote by tC n the set of Kac n-labelings of D , i.e., 
the set of p = (pp) £ Z> 0 satisfying ([5]). We denote by /C nj R the set of 

families p = (pp) £ satisfying (151) . i.e., the set of tuples of barycentric 
coordinates of points in nA. For z £ Zq, we denote by /Q the set of Kac 
n-labelings p £ /C n of D satisfying 

(8) ^ c a p a = d\(() (mod Z) 

agll 

for any generator [A] of X/Q with A = c a a , 

a£ n 

where ( is as in ©• Condition ((HJ) does not depend on the choice of ( 
satisfying ([6]). We have /C* C /C n C /C nj R. The group X v /Q v acts on K n ^ 
and /C n via the action on D. We shall see below that the subset KT n of /C n 
is X v /Q v -invariant. 

Construction 3.3. Let p = (pp) £ /C ni R. Set 

x = ( x p)p£u := (P/3/ n )p £ff € 

then there exists a point x £ A C t with barycentric coordinates (xp)^^. 
We set 

<p(p) = e(x) := exp 2irx £ T. 

The following theorem gives a combinatorial description of the set T£/W 
in terms of Kac n-labelings. It generalizes a result of Kac m , who described, 
in particular, the set T n /W in the case when G is an adjoint group. 

Theorem 3.4. Let G be a compact semisimple M.-group, T C G be a max¬ 
imal torus, R = R(Gc,Tc) be the corresponding root system, II be a basis 
of R, D = D(G,T,n) be the corresponding extended Dynkin diagram. Let 
n be a positive integer. Let z £ Zq be a central element. Then the subset 
JCn C K. n is X v /Q v -invariant, and the map ip: /C Hi r T of Construction 
1 3.3\ induces a bijection 

(9) V 5 * : K-n/(X v /Q v ) Tf/W 

between the set of X v /Q v -orbits in JCf and the set of W-orbits in T£. 

Proof. Consider a W-orbit [a] in T/W, where a £ T. Write a = e(x) for 
some x £ t. The map e: t —> T is IF-equivariant. The group A v acts on the 
set i by translations, and the map e induces a bijection t/A v —> T, hence it 
induces a bijection 

t/(A v x W) 4 T/W. 

Since A is a fundamental domain of the normal subgroup Q v xi W C A v xi W 
(see Section[2]), after changing the representative a £ T of [a] £ T/W we may 
choose x lying in A, and such x is unique up to the action of the quotient 
group (X v x W)/(Q V x W) = X v /Q v . We see that the map e induces a 
bijection 

A/(X V /Q V ) 4 T/W. 


The map 

( 10 ) 


ICn, R A, P i-A X = p/n e-> X 
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is a P v /(5 v -equivariant bijection, hence it induces a bijection 
/C n , R /pf v /Q v ) 4 A/(A V /Q V ). 

We see that the map < p : A n>R —> T induces a bijection 

(11) /C„, r /(X v /Q v ) 4 T/W. 

In particular, two tuples p,p' £ A n>R are in the same A v /(5 v -orbit if and 
only if <p(p), tp(p') £ T are in the same IT-orbit. 

Now we wish to describe p = (pp) € A njR such that <p(p) £ T*, i.e., 
<p(p) n = z. For x £ A obtained from p £ /C n>R as in (fTOl) . the assertion that 
e(x) n = z is equivalent to the condition 

A(exp27rnx) = A(exp ‘IniQ 

for all A £ A, which in turn is equivalent to 

— indX(x ) = dX(() (mod Z). 

We write A = J4en c a a an( i obtain 

—in ^2 c a da(x) = dX(() (mod Z). 

qEII 

Since da(x) = ix a for a £ II, and nx a = p a , we obtain 

y: CaPa = n CgXg = dX(() (mod 2). 
aen ct 6 n 

Thus <p(p) € T* if and only if 

( 12 ) Cq-Pq = dA(C) (mod Z) for any A £ A with A = c Q a. 

Qgn agn 

Assume that <p{p) £ T£, then (fT2l) holds. Observe that for A = a £ II, 
condition (fT2l) means that p a £ Z, because da(() £ Z. Since p a £ Z for all 
a £ II, by flSJ) we have pp £ Z for any f5 £ IIo = II \ II, because rrip = 1. 
Thus p £ A n . Condition Q is a special case of (fT2l) . We conclude that 

P € • 

Conversely, assume that p £ A^j C A n , then condition (fT2l) holds for 
A = a for any a £ II. Since condition (1121) is additive in A (i.e., it holds for 
any integer linear combination of two weights A, A' £ P whenever it holds 
for A and A'), it holds for any A £ Q, because II generates Q as an abelian 
group. Now condition ((HJ) implies that (|12l) holds for for all A £ A. We 
conclude that ip(p) £ T*. 

Thus <p(p) £ if and only if p £ Ajj. Since the subset T* C T is 
W-invariant, we conclude that the subset A^ C K n ^ is A v /Q v -invariant. 
Bijection (HID induces ([9]), which proves the theorem. □ 

We need another version of Theorem 13.41 We start from a Kac n-labeling 
q = (Qp) £ A n of D. Set z = p(q) n - It follows from the proof of Theorem 
13.41 that z £ Zq. 
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Corollary 3.5. With the assumptions and notation of Theorem \3.f\ let q 
be an n-labehng of D. Set z = p(q) n G Zq- Then the subset /C„ C JC n 
consisting of Kac n-labelings p G K n of D satisfying 

(13) 'y ( c a p a = E CaQa (mod Z) 

qgii oen 

for any generator [A] of X/Q with A = c a a , 

aElI 

is X w / Q v -invariant, and the map p of Construction ^. -7l induces a bijection 
between IC { n q) /(X v /Q v ) and T‘/W. 

Indeed, by Theorem 13.41 we have q € /C*, hence idfP = Xf, and the 
corollary follows from the theorem. 

4. Real Galois cohomology 

We denote by iL^R, H) the first (nonabelian) Galois cohomology set of 
an R-group H. By definition, i/ 1 (M, H) = Z 1 (M,H)/~, where Z 1 (M, H) = 
{c € H(C) | cc = 1 }, and c ~ c! if there exists h € H(C) such that c! = 
h~ 1 ch. We say that c G Z 1 (R, H) is a cocycle. 

Let H(R ) 2 C H(R) denote the subset of elements of order dividing 2. If 
b G H(R) 2 , then 

bb = b 2 = 1, 

hence b is a cocycle. Thus H(R ) 2 C Z 1 (R, H). 

Let G be a connected, compact (anisotropic), semisimple algebraic group 
over the field of real numbers R. Let T C G be a maximal torus. We use 
the notation of Section [0 

Theorem 4.1. Let G be a connected, compact, semisimple algebraic R- 
group. There is a canonical bijection between the set of P v /Q v -orbits in the 
set /C 2 of Kac 2-labelings of the extended Dynkin diagram D = D(G, T, II) 
and the first Galois cohomology set H l { R, G ad ). 

We specify the bijection. Consider the map V 9 ad : /C 2] r —> T ad of Construc- 
tion 13.31 for G ad , it sends /C 2 C /C 2j r to (T ad ) 2 , where (T ad ) 2 denotes the set 
of elements of order dividing 2 in T ad . The bijection of the theorem sends 
the P v /Q v -orbit of p G /C 2 to the cohomology class [< p(p)\ G H l { R, G ad ) of 
p{p) G (T ad ) 2 C Z 1 (R, G ad ). 

This result goes back to Kac E3- In the last sentence of m Kac notes 
that his results yield a classification of real forms of simple Lie algebras. 
Inner real forms of a compact simple group G (or of its Lie algebra Lie G) 
are classified by the orbits of the group AutZ) = (R v /Q v ) xi AutZA in the 
set /C 2 of Kac 2-labelings of D. Those orbits and the corresponding real 
forms are listed in jOYl , Table 7, Types I and II], 

Proof. By Theorem 13.41 for the adjoint group G ad , the map <^ ad induces a 
bijection /C 2 /(P V /Q V ) (T ad ) 2 /W. By [Si Section III.4.5, Example (a)] 

the map sending an element t ad G (T ad ) 2 C Z 1 (R, G ad ) to its cohomology 
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class [i ad ] € iT^R, G ad ) induces a bijection ( T ad ) 2 /W G ad ), and 

the theorem follows. □ 

Let C G be an inner twisted form of a compact semisimple R-group G, 
where c £ Z X (R, G ad ). By Theorem 14. II the cocycle c is equivalent to a cocy¬ 
cle of the form f ad = ip ad (q) £ (T ad ) 2 C Z 1 (M, G ad ) for some Kac 2-labeling 
q = (qp)g e fj of D. We have f ad = exp 27ry, where y £ A has barycentric 

coordinates yp = qp/2 for /? £ II. It follows that t ad is determined by the 
equations 

a(f ad ) = ( — 1 ) 9 “ for a £ II. 

We can twist G using t ad ; we denote the obtained twisted form by q G, then 
C G — q G. Note that there is a canonical isomorphism between T and the 
twisted torus q T. because the inner automorphism of G defined by f ad acts 
on T trivially. It follows that T canonically embeds into 9 G, in particular, 
T 2 C g G(R) 2 C Z 1 (R, 9 G). 

We compute H 1 ( R, q G). Set t = <p(q) £ T, where ip: /C 2i r —> T is the 
map of Construction 13.31 Then the image of t in T ad is t ad . Since (t ad ) 2 = 1, 
we see that t 2 £ Zq. Set z = t 2 , then t £ T% ■ 

Lemma 4.2. There is a bijection T.j/W —> H 1 ( R, q G) that sends the W- 
orbit of a £ Tj; to the cohomology class of at~ l £ T 2 C Z X (R, q G). 

Proof. Recall that we have the standard left action * of W on Tf given by 
formula ([4]). We define the t ad -twisted left action * t ad of W on T 2 as follows: 
let w = nT £ W, n £ N, b £ T 2 , then 

w * t ad b = nbtn^ 1 ^ 1 . 

We dehne a bijection 

(14) a i-A at- 1 : Tf —> T 2 

(which takes t to 1). We have 

(w * a)t _1 = nan _ 1 t _1 = n(at _ 1 )tn _ 1 t _1 = w * ta d (at” 1 ), 

hence, the standard left action * of W on Tf is compatible with the f ad - 
twisted left action * t ad of W on T 2 with respect to bijection (HU). We obtain 
a bijection Tf/W = Tf / *W —> T 2 / * 4 ad W between the sets of W-orbits. 

By |B1I Theorem 1], see also [ B2L Theorem 9], the map sending b £ 
T 2 C Z x (R, q G ) to its cohomology class [b] £ H 1 ( R, q G ) induces a bijection 

T 2 / Vd w 4 H^R, q G). 

Combining these two bijections, we obtain the bijection of the lemma. □ 

The following theorem is the main result of this paper. It gives a com¬ 
binatorial description of the first Galois cohomology set H 1 ( R, q G ) of an 
inner twisted form Q G of a compact semisimple R-group G in terms of Kac 
2-labelings of the extended Dynkin diagram of G. 

Theorem 4.3. Let G be a connected, compact, semisimple algebraic R- 
group. Let T C G be a maximal torus and H be a basis of the root system 
R = R{G C , Tc). Let q be a Kac 2-labeling of the extended Dynkin diagram 
D = Z?(G,T,II). Then the subset 1C^ C /C 2 of Kac 2-labelings p of D 
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satisfying condition (ED of Corollary Iff. 51 is X w /Q v -invariant, and there 
is a bijection between the set of orbits JC^/{X w /Q w ) and the first Galois 
cohomology set q G). 

We specify the bijection of the theorem. It is induced by the map sending 
a Kac 2-labeling p G /C 2 satisfying ED to the cocycle exp 2nu G T 2 C 
Z 1 (M, q G), where u G t is the the element with barycentric coordinates 
u a = ip a — Qa)/ 2 for a G II. In particular, this bijection sends the X v /Q v - 
orbit of q to the neutral element of q G). 


Proof of Theorem \4.3\ By Corollary 13.51 there is a bijection between the set 
of orbits of X w /Q w in the set of Kac 2-labelings p G IC 2 of D satisfying (|13l) 
and the set Tf/W, which sends the X v /<5 v -orbit of p to the W-orbit of 
exp 27 tx G Tf, where x G t is the element with barycentric coordinates xp = 
pp/2 for /3 G II. By Lemma 14.21 there is a bijection Tf/W -4- iL 1 (M, qG), 
which sends the IK-orbit of an element a G Tf to the cohomology class 
of at -1 G T 2 C Z 1 (R, q G). We compose these two bijections. Since t = 
exp27ry, where y G t is the element with barycentric coordinates yp = qp/2 
for /3 G II, the composite bijection sends the X v /Q v -orbit of a Kac 2-labeling 
p satisfying (THU) to the cohomology class of 

exp27ra: • (exp27ry) -1 = exp27r(a: — y) = exp27r u G T 2 C Z 1 (M, qG), 

where u := x — y G t has barycentric coordinates u a = (p a — q a )/2 for 
a G II. Clearly this composite bijection sends p = q to the cohomology 
class of 1 G Z 1 (M, qG), thus to the neutral element of iL 1 (M, qG) . □ 


5. Example: forms of E 7 

Let G be the simply connected compact group G of type E 7 . Since G is 
simply connected, we have X = P. 

Below in the left hand side we give the extended Dynkin diagram D of 
Gc with the numbering of vertices of (OVll Table 1], and in the right hand 
side we give D with the coefficients rrij from OV1 . Table 6 ], see (P). We 
have X/Q = P/Q — Z/2Z, and there is A G X \ Q with 

(15) A = l(ai + a 3 + a 7 ), 

see e.g. [OVl . Table 3]. In the left-hand side diagram below we mark in black 
the roots appearing (with non-integer half-integer coefficients) in formula 

ED: 


1234560 1234321 

• —O—• — O — O — O — O O — O — O — O — O — O — O 
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The Kac 2-labelings of D are: 

qW = 0000002 
0 

q( 3 ) = 1000001 
0 

<? (4) = 0100000 
0 

q (6) = 0000000. 
1 


g (2) = 2000000 
0 


g (5) = 0000010 
0 


The real forms of E 7 correspond to elements of G ad ), and by Theo- 

rem IXTl to the orbits of P v /Q v in the set IC 2 of Kac 2-labelings of D. These 
orbits are: 

W 1 W 2) }, {<Z (3) }, {Q (4) ,<? (5) }, {g (6) }, 

hence #H l ( R, G ad ) = 4. 

Concerning q G), condition (fTHl) defining 1C 2 reads 

\{pi + P3+P7) = + 13 +qi) (modZ), 

which is equivalent to 

pi+P3 + P7 = qi + q3 + q7 (mod 2 ). 

We say that a 2-labeling p £ 1C 2 is even (resp., odd ) if the sum over the 
black vertices 

Pi+P3 + P7 

is even (resp., odd). Then K.^ is the set of labelings p £ 1C 2 of the same 
parity as q. Since G is simply connected, we have X y = Q v , and by 
Theorem 14.31 the first Galois cohomology set H l { R, q G) is in a bijection 

with the set 1C^. 

For q G = E 7 (the compact form) we take q = q^\ then qi+ q 3 + q 7 = 0, 
hence q is even. For q G = EVI we take q = q^\ see [ OVll Table 7]. We 
have q\ + q^ + qj = 0, so again q is even. We see that in both cases the set 
K is the set of all even 2-labelings of D: 

(16) 0000002 2000000 0100000 0000010 . 

0 0 0 0 

The set i7 1 (M, q G) is in a bijection with the set (fTBlh In particular, #i7 1 (M, q G ) 
4 in both the compact case and EVI. 

For q G = EV (the split form) we take q = q^\ see [OVl , Table 7]. We 
have Qi + 93 + <?7 = 1, hence q is odd. For q G = EVII (the Hermitian form) 
we take q = q^\ see |OVll Table 7]. Again we have q± + q% + 57 = 1, and 
again q is odd. In both cases the set K is the set of all odd 2-labelings of 
D: 

(17) 1000001 0000000. 

0 1 

The set i7 1 (M, q G) is in a bijection with the set (fTTlh In particular, q G ) 

2 in both cases EV and EVII. 

In each case the element q £ 1C 2 corresponds to the neutral element of 
H\R, q G). 
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6 . Example: half-spin groups 


Let G be the compact group of type with even £ = 2k > 4 with the 
cocharacter lattice 

X v = (QW-i>- 

This compact group is neither simply connected nor adjoint, and it is iso¬ 
morphic to SC>2£ only if £ = 4. It is called a half-spin group. 

We show that the character lattice X is generated by Q and the weight 


(18) 


A («i + «3 + • • • + ct^_3 + ag)/ 2. 


Indeed, A is orthogonal to and (A, cc v ) = 0,1, —1 € Z for any a G II. 
We see that A G X. Since A ^ Q and [X : Q] = 2, we conclude that 

X = (Q,X)- 

Below in the left hand side we give the extended Dynkin diagram D of 
Gc with the numbering of vertices of [OYll Table 1] (which coincides with 
the labeling of Bourbaki |BouJ). We mark in black the roots that appear 
(with non-integer half-integer coefficients) in the formula (1181) for A. In the 
right hand side we give D with the coefficients mj from |OVll Table 6], see 


0 

o 


1 


2 3 

O — • — 


l -1 


e-3 i-2 

— • — o 



o 

l 


1 

o 


o 

1 


1 

2 2 2 2 /° 

O — O-O — 

O 

1 


Let p be a Kac 2-labeling of the extended Dynkin diagram D. We say 
that p is even (resp., odd), if the sum over the black vertices 


Pi + P3 H-b Pl-3 + pg 

is even (resp., odd). If q G /C2 is a Kac 2-labeling of D, then K^ is the set 
of Kac 2-labelings p of the same parity as q. 

The group X v /Q y = {0, [w/_ 1 ]} acts on D and on the set /C2 of Kac 
2-labelings of D. The nontrivial element a := [w) / _ 1 ] € X v /Q y acts as the 

reflection with respect to the vertical axis of symmetry of D, see Section [2J 
and clearly preserves the parity of labelings. We say that a er-orbit in IC 2 is 
even (resp., odd), if it consists of even (resp., odd) 2-labelings. 

Let q be a 2-labeling of D. By Theorem |T3] the cohomology set iL 1 (M, q G) 
is in a bijection with the set /(X v /Q v ), i.e., with the set of u-orbits in 
K ,2 of the same parity as q. Thus in order to compute H 1 { R, q G ) for all 2- 
labelings q of D, it suffices to compute the sets Orb even (D(i) and Orb odd (Dg) 
of the even and odd cr-orbits, respectively. We compute also the cardinalities 

h even ( D«) = #Orb even (D f ) and h odd (D e ) = #Orb odd (D^. 


We compute Orb even (Df). Recall that £ = 2k. For representatives of even 
cr-orbits we take 


1 

0 


0---0 


0 0 
1 °'"°! 


2 0 

0---0 
0 0 



0 

0 
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and for each integer j with 0 < 2j < k, the 2-labeling with 1 at 2 j. Thus 


^even(D 2fc ) _ \ k/2\ +4. 


We compute Orb odd 


(Dg). For representatives of odd er-orbits we take 


1 

1 


0---0 


0---0 


0 

1 


and for each integer j with 1 < 2j + 1 < k, the 2-labeling with 1 at 2 j + 1. 
Thus 


h odd (D 2k ) = \k/2\ + 1. 


As an example, we give a list of representatives of even and odd orbits 
for Dg: 


Orb even (D 6 ) : 


1 1 
000 
0 0 


0 0 
i 000 i 


2 0 
000 
0 0 


0 0 
000 
2 0 


100 


0 

0 ’ 


Orb odd (D 6 ) : 


'ooo 0 

1 0 


1 000 0 
0 1 


010 


0 

0 ' 


Note that if i > 4, our compact half-spin group G has no outer automor¬ 
phisms, hence all its real forms are inner forms, and we have computed the 
Galois cohomology for all the forms of G. 

Note also that for the compact half-spin group G we have 
#H\R, G) = ^ even (D 2fc ) = [k/2\ + 4 = [l/A\ + 4. 

For comparison, # H 1 (R , S0 2 ^) = £ + 1. We have \l/^\ +4 = ^ + 1 for an 
even natural number l if and only if i = 4. (In this case, because of triality, 
our half-spin group G is isomorphic to SOg.) 
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